The assumption that daily stock returns are normally distributed has long been disputed by the data. In this article we test (and clearly reject) the normality assumption using time series of daily stock returns for thirteen European securities markets. More importantly, we fit four alternative specifications to the data, find overall support for the scaled-t distribution (and partial support for a mixture of two Normal distributions), and quantify the magnitude of the error that stems from predicting returns by using the Normal distribution. Our data also shows that normality may be a plausible assumption for monthly (but not for daily) stock returns. * We would like to thank Chris Adcock, Asani Sarkar, Miguel Sofer, Allan Timmermann, two anonymous referees, and seminar participants at Gothenburg University, the Helsinki School of Economics, and Torcuato Di Tella University for valuable comments. The views expressed below and any errors that may remain are entirely our own. 
I-INTRODUCTION
The assumption that stock returns are normally distributed is widely used, implicitly or explicitly, in theoretical finance. Investors' preferences can be modeled in a simple way by assuming mean-variance behavior. However, as is well known, this type of behavior is consistent with the more general criterion of expected-utility maximization under either one of two conditions, namely, that investors' utility functions are quadratic or that stock returns are (jointly) normally distributed. Since, as is also well known, a quadratic utility function exhibits some implausible properties, 1 mean-variance behavior is usually justified through the assumption of normally-distributed stock returns. 2 Therefore, the widespread use of meanvariance behavior, together with the implausibility of quadratic utility functions, may help to explain the popularity of the normality assumption for stock returns.
From a theoretical point of view, however, the normality of stock returns is questionable if information does not arrive linearly to the market, or, even if it does, if investors do not react linearly to its arrival. In both cases, a leptokurtic distribution of stock returns should be observed. If information arrives to the market in infrequent clumps instead of in a linear fashion, investors would be forced to react similarly; in other words, if the distribution of information is leptokurtic, so should be the distribution of stock returns.
Alternatively, if information arrives to the market linearly but investors ignore it until trends are well in place, and then react in a cumulative fashion to all the information ignored up to that point, a leptokurtic distribution of stock returns would also be obtained; 3 see Peters (1991) . Thus, if either argument is true, the distribution of stock returns should have fatter tails than expected under the Normal distribution.
Empirical evidence against the normality assumption, on the other hand, has been mounting since the pioneering articles by Mandelbrot (1963) , Fama (1965) , and Clark (1973) . Mandelbrot (1963) argued that price changes can be characterized by a stable Paretian distribution with a characteristic exponent less than 2, thus exhibiting fat tails and an infinite
variance. 4 He directly tested the infinite-variance hypothesis by computing the sample variance of a large number of samples containing the returns of cotton prices, and found that the variances did not converge to any limiting value. Rather, they evolved in an erratic fashion, just as would be expected under the infinite-variance hypothesis. Fama (1965) , using the thirty stocks of the Dow Jones Industrial Average, confirmed Mandelbrot's (1963) hypothesis that a stable Paretian distribution with a characteristic exponent less than 2 describes stock returns better than a Normal distribution. Thus, since stable Paretian markets tend to evolve in jumps (rather than continuously and smoothly like Gaussian markets), he concluded that stocks are riskier than indicated by the standard deviation of a Normal distribution.
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The infinite variance of stable Paretian distributions, and the fact that if stock returns follow this distribution then the usual statistical tools may be badly misleading, led many researchers to look for alternatives. Clark (1973) argued in favor of a finite-variance subordinated stochastic process and found that a member of this class (the lognormal distribution) fitted data on cotton futures prices better than a stable Paretian distribution.
Several other distributions have been fitted to stock returns. Smith (1981) , Gray and French (1990) and Peiró (1994) tested the logistic distribution. Praetz (1972) , Blattberg and Gonedes (1974) , Gray and French (1990), and Peiró (1994) fitted the scaled-t distribution. Hsu (1982) , Gray and French (1990), and Peiró (1984) used the exponential power distribution. Press (1967) argued that stock returns may be generated by the interaction of a continuous diffusion (Brownian motion) process and a discontinuous jump (Poisson) process, where the former captures continuous changes in stock prices and the latter models large informational shocks. Finally, Kon (1984) fitted several mixtures of Normal distributions.
We analyze in this article the distributions of stock returns of thirteen European securities markets during the first half of the decade. We start by testing the normality assumption for daily stock returns, which (not surprisingly) we clearly reject in all markets.
Then, we attempt to find the specification that best fits the data in each market, and find overall support for the scaled-t distribution and partial support for a mixture of two Normal distributions. Then, we quantify the magnitude of the error that stems from predicting returns by using the Normal distribution, and find that such specification significantly underestimates the risk of investing in European stocks. Finally, we analyze the distributions of monthly stock returns, and find that they are reasonably-well described by a Normal distribution.
It is important to note that our whole analysis is based on unconditional distributions of stock returns. As is well known, the leptokurtosis in stock returns motivated the proliferation of ARCH-type models, which seek to incorporate the information contained in the tails of a distribution of stock returns into time series models. An analysis of the conditional distributions of European stock returns is beyond the scope of this paper, but the interested reader is referred to the pioneering articles by Engle (1982) on the ARCH model; Bollerslev (1986) on the GARCH model; Engle, Lillien, and Robbins (1987) on the ARCH-M model; and Nelson (1991) on the EGARCH model. Bollerslev, Chou, and Kroner (1992) offer an excellent literature review on the topic.
The rest of the article is organized as follows. In part II, we describe the data and run three tests of normality. In part III, we introduce the statistical distributions to be fitted to the data. In part IV, we report and discuss the results of our estimations. In part V, we assess the magnitude of the error that stems from predicting returns by using a Normal (instead of a more appropriate) distribution.
In part VI, we analyze the distributions of monthly stock returns. And, finally, in part VII, we summarize the main findings of our study. An appendix with figures concludes the article. The statistics reported are the mean, standard deviation, minimum and maximum return during the sample period, coefficients of skewness and kurtosis, and standardized coefficients of skewness and kurtosis. Table 1 shows that not all the distributions are negatively skewed, as daily data from the US typically indicates. This table shows that eight markets display negative skewness and the other six markets display positive skewness. Note, however, that the coefficients of standardized skewness indicate that the observed asymmetry is not significant in three of the fourteen markets analyzed. In addition, the last column of Table 1 shows that all fourteen distributions are clearly leptokurtic, thus exhibiting fat tails (and high peaks). The departures from normality detected by the coefficients of standardized skewness and kurtosis can also be seen in the histograms displayed in part A2 of the appendix, where Normal distributions generated by the sample mean and standard deviation of each market are shown together with the empirical histograms. 6 Conclusions from this and all other tests in this article are drawn at the 5% significance level.
II-DATA AND TESTS OF NORMALITY
The coefficients of standardized skewness and kurtosis provide strong evidence about departures from normality, but more formal conclusions can be reached through the tests of normality reported below in Table 2 . Although these three tests use different information, 7 the results of all three point in the same direction, namely, to the outright rejection of the normality assumption for European daily stock returns. The goodness-of-fit test follows a Chi-square distribution with the degrees of freedom (df) indicated above. The asymptotic critical value for the Kolmogorov-Smirnov test at the 5% significance level is 0.038. The Jarque-Bera test is asymptotically distributed as a Chi-square with 2 degrees of freedom; its critical value at the 5% significance level is 5.99.
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The results in Table 2 should come as no surprise; virtua lly all studies that use daily data also reject the normality of stock returns. In order to test whether alternative specifications fit the data better than the Normal distribution, we consider in the next part four alternative distributions. We admit from the outset that we have no ex-ante underlying financial theory to justify the use of all specifications. Rather, our purpose is to fit four distributions that allow for the characteristics of the data discussed above, to determine which one of those distributions best fits each market, and to quantify the error that can be made by predicting returns by using the Normal distribution.
III-ALTERNATIVE DISTRIBUTIONS OF STOCK RETURNS
The results reported and discussed above indicate that the fourteen markets we consider are characterized by somewhat skewed distributions with fat tails and high peaks. As a result, we consider in this part three specifications that allow for leptokurtosis and one that also allows for skewness.
The logistic distribution, which is very similar to the Normal but has fatter tails, has a density function that can be written as
where µ (-∞<µ<∞) is a location parameter and α (α>0) is a dispersion (or scale) parameter. If
The scaled-t distribution, which is also very similar to the Normal but has fatter tails, has a density function that can be written as
where Γ(•) represents the gamma function, µ (-∞<µ<∞) and σ 2 (σ 2 >0) represent a location and a dispersion parameter, respectively, and v (v>0) is a degrees of freedom parameter. If R t follows a scaled-t distribution and v>2, then E(R t ) = µ and Var(R t ) = σ 2 .
The exponential power distribution, which displays more peakedness and fatter tails (that shrink at an exponential rate) than the Normal distribution, has a density function that can be written as
where µ (-∞<µ<∞), α (α>0), and β (-1<β≤1) are a location, a dispersion, and a shape parameter, respectively. This last parameter, in particular, measures the kurtosis of the distribution. More precisely, β<0 implies a platykurtic distribution, the Normal distribution is obtained when β=0, and fat tails and a high peak are obtained when 0<β≤1, with the thickness of the tails increasing in β. 9 If R t follows an exponential power distribution, then
An alternative to assuming that stock returns are generated from a single distribution is to assume that they are generated by a mixture of distributions. Perhaps the simplest specification within this family is the mixture of two Normal distributions, which has a density function that can be written as f x e with probability e with probability 
where µ i (-∞<µ i <∞) and σ i 2 (σ i 2 >0) are location and dispersion parameters, respectively. This specification implies that stock returns are drawn from a Normal distribution with mean µ 1 and standard deviation σ 1 with probability λ, and from a Normal distribution with mean µ 2 and standard deviation σ 2 with probability (1-λ). If R t follows such mixture of distributions,
Of all the specifications we consider, this is the only one that allows for skewness in the data.
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IV-ESTIMATION OF PARAMETERS AND GOODNESS-OF-FIT TESTS
We report in Table 3 below the (maximum-likelihood) estimates that result from fitting the theoretical distributions described in the previous part to the series of daily stock returns of the fourteen markets under consideration.
9 For β=1, the double-exponential distribution is obtained. 10 The coefficient of skewness (k 3 ) that follows from the mixture of two Normal distributions is given by At least two things are worth noting from Table 3 . First, recall that the Normal and the t-distribution tend to converge as the degrees of freedom of the latter increase. However, the table shows that the estimated degrees of freedom of the scaled-t distributions are very small in all markets (between 2.5 and 6.5), thus indicating that these empirical distributions diverge significantly from the Normal, particularly in the tails. Second, recall that the parameter β of the exponential power distribution is a measure of its kurtosis, that for β=0 the Normal distribution is obtained, and that β is increasing in the thickness of the tails (with an upper bound at β=1). Table 3 shows that β is larger than .5 in all markets and larger than .8 in ten markets. This provides additional evidence of departures from normality, and, in particular, of the thickness of the tails of the empirical distributions analyzed.
In order to compare the relative fit of the theoretical distributions considered, we performed goodness-of-fit tests.
11 To that purpose, we divided the range of returns into 20 equal, non-overlapping intervals contained in the range [-10%,10%] . The results of these tests are shown below in Table 4 . This table shows that, as expected, the Normal distribution provides the worst fit among all the specifications considered; it is clearly rejected in all markets. The logistic distribution does not fit much better, and is also clearly rejected in all markets. The exponential power distribution also provides a very poor fit, being rejected in twelve of the fourteen markets analyzed. Table 4 shows partial support for a mixture of two Normal distributions. This specification cannot be rejected in four markets, and is the one that best fits three markets.
Finally, the scaled-t is the distribution that provides the best overall fit among all the specifications considered. This distribution cannot be rejected in six markets, and is the one that best fits ten of the fourteen markets analyzed.
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The good fit of the scaled-t distribution is reinforced by the fact that this specification can also be justified on theoretical grounds. Praetz (1972) shows that when a Brownian motion is modified (through the Bayesian method of assigning a prior distribution to an unknown parameter) to account for the changing variance of returns, the resulting distribution is a scaled-t. In other words, the scaled-t distribution can be justified on Bayesian grounds. 13 Furthermore, the support we find for the scaled-t distribution (and to a lesser degree for a mixture of two Normal distributions) in European markets is fully consistent with results reported for the US market. Praetz (1972) , Blattberg and Gonedes (1974) , Gray and French (1990) , and Peiró (1994) , among several others, have also found that the scaled-t distribution fits stock returns better than many competing alternatives. Kon (1984) , on the other hand, after fitting mixtures of up to five Normal distributions to the thirty stock of the Dow Jones, concludes that a mixture of four Normal distributions best fits seven stocks, a mixture of three Normal distributions best fits eleven stocks, and a mixture of two Normal distributions best fits the remaining twelve stocks.
It may also be interesting to contrast our results with those reported by Peiró (1994) , who, although using different indices and sample periods, also analyzes the English, German, French, and Spanish markets. In general, his results seem to be more optimistic than ours. He finds, for example, that the scaled-t distribution cannot be rejected in any of these four markets; we reject it in all four. He also finds that neither the logistic, nor the scaled-t, nor the mixture of two Normal distributions can be rejected in the German market; we reject all three specifications. And he finds that the French market is best fitted by an exponential power distribution, although we clearly reject such specification.
The interesting issue is whether these different results stem from distributions that change significantly over time. Peiró (1994) uses two years of data we do not use (1988-9), we use two years of data he does not use (1993-4), and we overlap in three years (1990-2).
Thus, if the differences between our results and his stem from changes in the distributions of stock returns, practitioners should then be wary of using statistical models that assume that the distributions of stock returns are time invariant. It may be the case that, contrary to such assumption, these distributions may actually be changing rapidly over time. 13 We thank Chris Adcock and an anonymous referee for suggesting us this idea.
V-ERRORS IMPLIED BY THE NORMALITY ASSUMPTION
The tests of normality reported in part II established that the distributions of stock returns of the fourteen markets analyzed exhibit significant departures from normality. In addition, the goodness-of-fit tests reported in part IV established that a scaled-t distribution and a mixture of two Normal distributions provide a significantly-better fit than the Normal distribution. In this part, we quantify the error that can be made by predicting the probability of obtaining returns in specified intervals by assuming an underlying Normal distribution.
In order to assess this error, we first estimate the (unconditional) probability of obtaining returns in a given interval using the parameters previously estimated (and reported in Table 3 ) for the Normal distribution; we subsequently repeat this process for the twelve intervals we consider. Then we estimate the same probability using the parameters previously estimated (and reported in Table 3 ) for the scaled-t distribution for the same twelve intervals.
14 We finally compare, one by one, the probability of obtaining returns in each interval. The results of our estimations are reported below in Table 5 . Results in the first row for the Normal distribution are the same for all markets; all other results refer to the scaled-t distribution. Each number shows the probability of obtaining a return in the specified interval under the specified distribution. Each distribution is centered around its sample mean ( x ), and the length of each interval is equal to each distribution's sample standard deviation (s), both taken from Table 1 . Both specifications are symmetric; hence, predictions are reported for only one half of each distribution. Table 5 shows that the probability of obtaining returns in any given interval is very different depending on whether the Normal or the scaled-t are assumed as the underlying distribution. Recall that leptokurtic distributions have a high peak, thus exhibiting clustering of observations around the mean. Accordingly, Table 5 shows that the probability of obtaining returns one standard deviation around the mean is higher under the scaled-t distribution than under the Normal distribution in all markets. Furthermore, note that the opposite is the case in the intervals [ x -s, x -2s] and [ x -2s, x -3s] ; that is, the probability of obtaining returns in both intervals is higher under the Normal distribution than under the scaled-t distribution in all markets.
Note, however, that the situation reverses again for the interval [ x -3s, x -4s] and all intervals beyond. In other words, the probability of obtaining returns in any of these intervals is higher under the scaled-t distribution than under the Normal distribution in all markets.
Furthermore, note that the difference between the probability predicted by each distribution increases dramatically as we move away from the mean. To illustrate, the probability of obtaining a return between three and four standard deviations away from the mean is, on average, over three times higher (3.4) under the scaled-t distribution; the probability of obtaining a return between four and five standard deviations is, on average, over forty five times higher (45.7) under the scaled-t distribution; and the probability of obtaining a return between five and six standard deviations is, on average, almost two thousand times higher (1,870) under the scaled-t distribution.
The previous results show that investors that predict returns by assuming an underlying Normal distribution may significantly underestimate the risk of investing in European stocks. This underestimation, as the numbers above show, is particularly severe in the tails of the distribution; that is, when predicting the probability of large (positive or negative) returns. In fact, returns three and more standard deviations away from the mean, which occur with a negligible probability under the Normal distribution, occur much more frequently under a scaled-t distribution.
Another (perhaps more intuitive) way to look at this issue is by comparing the number of outliers that would be expected under a Normal distribution with those expected under a scaled-t distribution. Table 6 below reports these numbers, as well as the observed number of outliers in each of the markets considered. For the purposes of the table, we consider outliers those returns at least three standard deviations away from the mean. Table 6 shows that, as expected, the Normal distribution consistently underestimates the number of outliers in all markets. The scaled-t distribution, on the other hand, provides a much better prediction of the number of outliers. Furthermore, this distribution (unlike the Normal) does not display a systematic bias in its predictions; that is, the predicted number of outliers is in some cases higher and in some cases lower than the observed number of outliers. These results, as well as those discussed above, show that the normality assumption unequivocally leads investors to underestimate the risk of investing in European stocks.
Using the same data of this study, and consistent with the results just discussed, Estrada (1999) finds that investors who mistakenly assume that stock prices follow a random walk (and use the stationarity implications of such theory) may underestimate the risk of investing in European stocks by an average of around 1% a month. Certainly, an argument can be made against using simplifying assumptions (such as random walks and normality) that may lead investors to make such significant mistakes.
VI-THE DISTRIBUTION OF MONTHLY STOCK RETURNS
We briefly examine in this part whether the departures from normality observed in daily stock returns are also observed in monthly stock returns. To that purpose, we compute monthly stock returns (MR t ) as MR t =[ln(I k )-ln(I k-1 )], where I k and I k-1 are the value of an index on the last day of month k and the last day of month k-1, respectively. Table 7 below summarizes some relevant information about the empirical distributions of monthly stock returns of the fourteen markets under consideration. The columns labeled SSkw and SKrt in Table 7 show the standardized coefficients of skewness and kurtosis for monthly stock returns. These coefficients show, unlike those from Table 1 , that only one distribution displays a significant degree of skewness (GER), and five distributions (AUS, GER, SWE, SWI, WOR) display a significant degree of kurtosis. In other words, the departures from normality measured by the standardized coefficients of skewness and kurtosis are far less evident in monthly stock returns than in daily stock returns.
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In order to evaluate more formally the plausibility of the normality assumption as it applies to monthly stock returns, we rerun the three tests of normality run in part II for daily stock returns. The results of these tests for monthly data are reported below in Table 8 . The goodness-of-fit test follows a Chi-square distribution with the degrees of freedom (df) indicated above. The asymptotic critical value for the Kolmogorov-Smirnov test at the 5% significance level is 0.176. The Jarque-Bera test is asymptotically distributed as a Chi-square with 2 degrees of freedom; its critical value at the 5% significance level is 5.99. Table 8 shows that normality does seem to be a reasonable assumption for monthly stock returns. The null hypothesis of normality is rejected in no market under the goodnessof-fit test and the Kolmogorov-Smirnov test, and in five markets under the Jarque-Bera test. These results, though significantly different from those reported in Table 2 for daily data, should not be entirely surprising. Under the central limit theorem, the longer the time interval for which returns are computed, the more the resulting distribution should conform to the Normal distribution, due to the fact that monthly returns are simply aggregated daily returns.
VII-CONCLUSIONS
The evidence against the assumption that daily stock returns are normally distributed has been mounting for over thirty years. Most of the empirical evidence analyzes US data, although some recent studies have considered European markets. In this article, we used data from the first half of the decade to test the plausibility of the normality assumption as it applies to European stock returns.
We started by testing the normality hypothesis and we clearly rejected it. Not surprisingly, we found that these distributions exhibit fat tails and high peaks, as well as skewness in different directions. These results are fully consistent with those found for several other markets and reported in many other studies.
We then fitted the Normal distribution to the data, as well as four alternative specifications, all of which exhibit fat tails and one that also allows for skewness.
Predictably, we found that the Normal distribution exhibited the worst fit in all markets. We also found that neither the logistic nor the exponential power distributions provide a good fit to the empirical distributions of European stock returns. However, we found partial support for a mixture of two normal distributions, which cannot be rejected in four markets and best fits three markets, and overall support for the scaled-t distribution, which cannot be rejected in six markets and best fits ten of the fourteen markets analyzed.
We also attempted to quantify the error that can be made by predicting returns by using by using the Normal distribution instead of the more appropriate specification. We have shown that such errors can be very large, particularly in the tails, and that the Normal distribution (unlike the scaled-t distribution) consistently underestimates the probability of (positive or negative) large returns. Therefore, we can argue that booms and crashes in European markets are much more likely to occur than what a Normal distribution would predict.
Finally, we examined whether the departures from normality observed in daily data are also observed in monthly data. As expected under the central limit theorem, we found that this is not the case. The data showed that the Normal distribution may in fact be a reasonable approximation to the empirical distributions of European monthly stock returns. 
